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Abstract: It has recently been conjectured that the elliptic genus of K3 can be written 
in terms of dimensions of Mathieu group M24 representations. Some further evidence 
for this idea was subsequently found by studying the twining genera that are obtained 
from the elliptic genus upon replacing dimensions of Mathieu group representations by 
their characters. In this paper we find explicit formulae for all (remaining) twining genera 
by making an educated guess for their general modular properties. This allows us to 
identify the decomposition of all expansion coefficients in terms of dimensions of M24- 
representations. For the first 500 coefficients we verify that the multiplicities with which 
these representations appear are indeed all non-negative integers. This represents very 
compelling evidence in favour of the conjecture. 
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1. Introduction 

A few months ago Eguchi, Ooguri and Tachikawa |Q] observed that the elliptic genus of 
K3 seems to involve representations of the largest of the Mathieu groups, M24. More 
specifically, they studied the expansion of the elliptic genus of K3 in terms of elliptic 
genera of Af = 4 superconformal representations following Q, and noted that the expansion 
coefficients can be written in terms of dimensions of representations of M24. This intriguing 
observation is very reminiscent of a similar phenomenon usually referred to as 'Monstrous 
Moonshine', namely that the famous J- function has an expansion in terms of characters of 
the Virasoro algebra whose coefficients are dimensions of Monster group representations, 
as was first noted by McKay and Thompson. 

In the context of Monstrous Moonshine, this observation was eventually explained by 
the construction of the so-called Monster conformal field theory V ^ Q , a self-dual conformal 
field theory at c = 24 whose space of states is of the form 

00 

V* = 0(K®«S„) , (1.1) 

n=0 

where each V n is a representation of the Monster group, while T-L^ a denotes the irreducible 
Virasoro representation with conformal weight h and c = 24. The J-function is then the 
partition function of V\ and its Fourier coefficients are therefore sums of dimensions of 
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irreducible Monster group representations. Furthermore, the automorphism group of is 
the Monster group. 

One key observation that provided convincing evidence for ( |1 . 1[ ) came from consid- 
ering the so-called McKay-Thompson series Q. These are obtained from the J- function 
upon replacing the expansion coefficients A n = dim(Vn) by their corresponding characters, 
Try n (g), where g is an element of the Monster group. 1 It was shown by Conway & Nor- 
ton H that these McKay-Thompson series have nice modular properties under congruence 
subgroups of SL(2, Z). This is what one expects if they arise indeed from (|1 . 1| ) since they 
are then equal to the 'twining character', i.e. the character with the insertion of the group 
element g, which has good modular properties based on standard orbifold arguments. For 
a review of these and other aspects of Monstrous Moonshine see e.g. ||. 

By analogy to the observation of Q suggests that the states that contribute to 
the elliptic genus of K3 have the structure 

« BPS = 0(F B ®?tf=*) , (1.2) 

n 

where the sum runs over all irreducible N = 4 representations that contribute to the 
elliptic genus, while each H n is a M24 representation. In order to test this idea it is then 
again natural to consider the 'twining genera' (pg(r, z), where one replaces dim(H n ) by the 
corresponding character Tr// n (g), with g € M24 0, |||. Unfortunately, the dimensions of the 
irreducible representations of M24 are rather small, and the decomposition of the expansion 
coefficients of the elliptic genus of K3 in terms of dimensions of M24 representations could 
only be guessed reliably for the first few coefficients. However, the elliptic genus of K3 is 
a weak Jacobi form of index one and weight zero ||, and one expects that the twining 
genera should have similar properties. More specifically, if g E M24 has order N, then the 
corresponding twining genus 4> 9 (t,z) should transform as a weak Jacobi form of index 1 
and weight under the congruence subgroup Tq(N), possibly up to a multiplier system. 

In fj], this assumption about the modular properties of the twining genera, together 
with the explicit knowledge of the first few coefficients, was used in order to determine some 
of them explicitly. The fact that these two constraints were compatible was already a fairly 
non-trivial consistency check on the proposal of Furthermore, for group elements that 
enjoy an interpretation as an automorphism symmetry of K3 at a suitable point in moduli 
space, one could calculate the corresponding twining genera directly (see in particular [pX|]). 
In this way some of these formulae could be confirmed independently 0] . 

In this paper we shall complete the analysis of J?], § by finding explicit formulae for 
the remaining conjugacy classes. 2 In particular, we shall make a precise proposal for the 
structure of the multiplier system that appears in the modular transformation formula, see 
Q3.8| ) and table |l] below. We can then follow again the strategies outlined in || and Q, 
respectively, to determine the twining genera, using the explicit knowledge of the first few 

1 These series can be calculated provided one knows how to write the Fourier coefficients of the J- function 
as A„ = dim(Ki), but do not require any additional knowledge. 

2 After posting the first version of this paper on the arXiv, we were informed by Tohru Eguchi that they 
have independently obtained explicit formulae for these twining genera which agree with ours, see . 
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terms. The fact that this procedure is successful is again a fairly non-trivial consistency 
check of the proposed structure fll.2| ) . 

The knowledge of all twining genera also leads to another, highly constraining, consis- 
tency check. If (|F^) holds and if, for each g, our explicit formula for tp g really corresponds 
to the trace over % BPS with the insertion of g, then its coefficients must be equal to Tr# n (g) 
for all n. But knowing these traces for all classes g is sufficient to identify unambiguously 
H n as a (possibly reducible) representation of M24. Thus assuming that ( |1.2| ) holds, we 
can deduce the decomposition of H n into irreducible M24 representations for all n. We have 
calculated the multiplicities explicitly up to order 500 — the results up to order 30 are 
tabulated in table || — and they are all indeed non-negative integers. The fact that this 
decomposition works out, i.e. that each H n can be written as a direct sum of irreducible 



representations (with integer multiplicities) is then a highly non-trivial check of (1.2); in 
fact, we would in some sense prove the proposal of JIJ if we could show that all of these 
multiplicities are indeed non- negative integers. 

The paper is organised as follows. In section ^ we briefly review some of the properties 
of the elliptic genus of K3, as well as the proposal of |IJ. The modular properties of the 
twining genera are explained in detail in section ||. In particular, by analogy with the 
situation for the McKay-Thompson series of Monstrous Moonshine, we make a specific 
proposal for the structure of the multiplier system. This proposal is then subsequently 
verified in sections 3.1 and 3.2. In section 3.1 we adopt the strategy of Q and consider 
the twining genus at specific values of z, finding explicit formulae for all remaining cases. 
Section 3.2, on the other hand, employs the method of [Q] to write the twining genus 
in terms of a modular form of weight two; this allows us to check some of the modular 
properties of the twining genera fairly directly, but the analysis is quite complicated and 
the details are described in appendix B and C. Finally, we explain in section ||] how the 
knowledge of all twining genera determines the decomposition of the coefficients in terms of 
M24 representations, and give the explicit results in table ||. We close with some comments 
and speculations in section |5[ 



2. Elliptic genus and twining characters 

The elliptic genus of an M = 2 superconformal algebra is defined by 

<j>{r,z) = Tr nR J q L ^e 2 ^(-l) F q L ^(-lf) , (2.1) 



where q = e 2mT , and the trace is taken in the RR sector. For the right-movers (whose 
modes are denoted by a bar), only the ground states contribute, and hence the above 
expression is in fact independent of q. As is well known the modularity properties of 
conformal field theory together with spectral flow invariance and unitarity imply that the 



elliptic genus is a weak Jacobi form of index m = | and weight [11|. A weak Jacobi form 



4>(t, z) of weight w and index m 6 Z is a function <p of (r, z) £ixC, where H is the upper 



-3- 



half-plane. It is characterised by the transformation properties 
ar + b z \ , , nw 27 rim^L \ fab" 



, -{cT + dYe^ m —<p{T,z) G5L(2,Z), (2.2) 

CT + a CT + aJ \ c °v 

0(r, z + £t + £') = e -2-im(£V+2fe)^ (T) z) £,teZ, (2.3) 

and has a Fourier expansion 

<t>(r,z) = Yl c(M)«V (2.4) 
n>0,ieZ 

where y = e 2mz and c(n,£) = (—l) w c(n,—£). For the case of K3 that will concern us 
primarily in this paper, m = 1 and the elliptic genus equals [12| 

(/) K3 (t, z) = 2y + 20 + 2y- 1 + q(20y 2 - 128y + 216 - 1282T 1 + 20y~ 2 ) + 0(q 2 ) . (2.5) 



It can be thought of as the partition function of the ftf = 2 half-BPS states of type II string 
theory on K3. 

For the case of K3 the conformal field theory is actually N = 4 superconformal, and 
one can therefore write the elliptic genus in terms of the elliptic genera associated to J\f = 4 
superconformal representations. It was observed in Q, following on from earlier work 0], 
that it can be written as 

oo 

Mr, z) = 24 ch^ =Q (r, z) + £ A n ch^* =| (r, z) , (2.6) 

n=0 

where ch^Ji 4 _ Q is the elliptic genus of the short M = 4 representation with h = j and 
/ = — see [|l^, 14] for an explicit formula — while 

Mr,z) 2 
??(r) 

is the elliptic genus of a long M = 4 representation. 3 The observation of ffl was that the 
coefficients A n can be written in terms of dimensions of representations H n of the Mathieu 
group M24, so that 

4>K3{t,z) =(dim Hqq) ch^Ti 4 l=Q (r, z) - (dim H ) ch^l 4 /=i (r, z) 



<SM-<r*"-%£- (2-7) 



+ £(dimff„)ch^; 4 +1I ,,(r, 2 ) , (2.8) 



4 ' 2 



where 





71=1 






#00 


= 23 + 1 


H 


= 21 




= 45 + 45 


H 2 


= 231 + 231 


#3 


= 770 + 770 


H 4 


= 2277 + 2277 


#5 


= 2 • 5796 


H 6 


= 2 • 3520 + 2 • 10395 



(2.9) 



3 Strictly speaking, the TV = 4 representation with n = (h = j) is short, and thus (2.7) for ft = I i 
not the elliptic genus of a single representation, but rather involves a sum of representations. 



- 4 - 



H 7 = 2- 1771 + 2 • 2024 + 2 • 5313 + 2 • 5796 + 2 • 5544 + 2 • 10395 



(2.10) 



The dimensions of the irreducible representations of M24 can be read off from the character 
table (see table ||). Note that we have absorbed the prefactor 2 in equation (1.11) of into 
the definition of A n = &\m(H n ). Then we can write the H n in terms of real representations, 
so that, for example, H\ is the sum of a pair of conjugate representations. The expression 
for H-j was given in [p], ^] and differs from what was originally proposed in |l]]. 

It is natural to conjecture that such a decomposition is the hallmark of a deeper 
structure underlying the elliptic genus of K3, see (fh^). In order to test this idea, the 
' twining elliptic genera', i.e. the analogues of the McKay-Thompson series of Monstrous 
Moonshine, were considered in jj], @]. These twining genera are obtained from the elliptic 
genus upon inserting a group element g G M24 into the trace 

<j> 9 {T,z) = lTr nm (gq L °-Me 2 ™ J °(-l) F q Z °-M(-lf) . (2.11) 

As in H, we shall normalise the twining characters so that <Pia(t, z) = ^4>K3( T , z) is directly 
equal to the standard weak Jacobi form 1^0,1 (see appendix [A]) . Technically speaking, 4> g is 
simply obtained from ( |2.8| ) by replacing the dimensions A n = dim(H n ) by the trace of g 
over H n , A n (g) = Tr Hn (g), i.e. 



^( T > z ) = g l^Hooig) ch h= y =Q (T, z) - Tr Ho (g) ch^i /= i (r, z) 

00 

+ E TT ^) cl^ y= , (r,z)} . (2.12) 



4 - 2 

n=l 



The character of 5 only depends on its conjugacy class, and thus the various traces can be 
read off from the character table of M24, see table ^. 

As discussed in more detail in the next section, the twining genera are expected to 
be Jacobi forms under suitable congruence subgroups of SL(2,Z). This was confirmed 
for a number of conjugacy classes in 0, H|. In the next section we shall complete this 
programme by determining the twining characters for all remaining conjugacy classes. We 
shall furthermore show that they have the appropriate modular properties. 



3. Modular properties of the twining genera 

Using standard conformal field theory arguments, it was argued in 0, || that the twining 
genera <j) g should transform as Jacobi forms of index 1 and weight 0, possibly up to a phase, 
under the congruence subgroup T$(N). More specifically, this means that 4> g satisfies 
for all £, £' G Z, while (ET3) only holds for 



a b d ) eT (N) = \ l a b \ GSL(2,Z) \c=0 modivl , (3.1) 
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where N is the order of g. In Q, this was explicitly verified for the conjugacy classes 4 



1A, 2A, 3A, 4B, 5A, 6A, 7AB, 8A, 11A, 14AB, 15AB, 23AB . (3.2) 

These classes are characterised by the condition 5 (t, 0) 7^ 0. This is equivalent to the 
condition that a representative of the class is contained in the subgroup M23 C M24, where 
we think of M24 as a subgroup of 6*24, the permutation group of 24 points, and define 
M23 C M24 to be the subgroup fixing, say, the first point. All geometric symmetries of K3 



at a suitable point in moduli space lie in this subgroup [15, 16], and thus some of them 



can be calculated from first principles, see also [10]. For all of them the multiplier system 
turned out to be trivial J?]]. The situation is more difficult for the remaining conjugacy 
classes 

2B, 3B, 4A, 4C, 6B, 10A, 12A, 12B, 21AB , (3.3) 

since there is no a priori method to determine them. In explicit formulae were found 
for the first few of them by combining the constraints from modularity with the knowledge 
of the first few coefficients. 5 In fact, the analysis of Q was performed for the NS-sector 
version of the twining genus, the twining character 



X 9 (t,z) = exp 



, T 1 



r,z+ T -+ 1 -) CM) 



evaluated at z = 0. The advantage of this approach is that one can work with standard 
modular functions (rather than Jacobi forms). The price one has to pay, on the other hand, 
is that part of the modular invariance is broken, and that multiplier phases are introduced 
for certain modular transformations. The latter property turned out to be a blessing in 
disguise since it suggested that multiplier phases may naturally appear in the modular 
transformations. Indeed, in Q the twining characters were determined for all elements g 
up to order o(g) < 6, and it was found that the classes in ( |3.2] ) and in (|3.3j ) appear to 
behave very similarly. This suggests that also the twining genera 4> g associated to ( jO] ) 
should be invariant under Tq(N), possibly up to non-trivial phases. 

The appearance of a multiplier system in the transformation rule for the twining genera 
is certainly consistent with standard CFT arguments. In fact, this phenomenon also occurs 
for several McKay-Thompson series (and, more generally, for replicable functions ]|l7|]), 
which are the analogues of the twining characters in the context of Monstrous Moonshine 
||. Recall that each McKay-Thompson series T g is associated with a certain discrete group 



r (N\h) = {\ 1 G SL(2,R) I a,b,c,d £ Z } , (3.5) 




where N is the order of the Monster class g, and h is some integer such that h\ gcd(A r , 24). 
This group (sometimes with the inclusion of some Atkin-Lehner involutions of Tq(N), see 



4 The classes which are power conjugated, for example 7A and 7B, give rise to the same twining genus, 
so that we denote them as a unique class 7AB. The twining genera for the classes 1A, 2A, 3A, 4B, 5A and 
6A were also found in [&. 

5 The twining characters for 2B and 4A were also found in Q. 
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H) is the (restricted) eigengroup of T g , i.e. the group under which T g is invariant up to /i-th 
roots of unity. In particular, T g is invariant (without any phases) under To(Nh) C Tq(N), 
while under the cosets of To(N\h)/TQ(Nh), that are represented by 




and 




it transforms as 



T ' Ar + - h 



2-Ri , 



and 



Nt + 1 



(3.6) 



(3.7) 



The two cosets in (|3.6|) generate To(N\h), so that (3/7) uniquely determines the multiplier 
system under To(A r |/i). 

It is then natural to expect that analogous properties hold for the twining genera of 
M24. The most obvious generalisation would be to require the twining genus (j) g , with 
g £ M24 and o(g) = N, to be a Jacobi form (with a suitable multiplier system) of weight 
and index 1 under To(N\h), for some h\ gcd(A r , 24). However, there is one immediate 
problem with this proposal: for h > 1, To(N\h) is not contained in SL(2,Z), and it is not 
clear how to define the action of the whole To(N\h) on Jacobi forms. 6 Thus we can only 
analyse the modular properties under the subgroup To(N\h) n SL(2,Z) = Tq(N). This 
then leads to the following conjecture: 

Conjecture. For all the conjugacy classes g of M24, the twining character 4> g (r,z) is a 
Jacobi form of index one and weight zero under Tq(N), with a multiplier system defined 
by 7 

'QT + b Z \ 2-nicd 2ni cz 2 _ / x ( a b 



9 \CT + d'cT + d 



\ 2-nicd 2tti cz^ 

= e nh e cT + d (f> g (T,z) 



c d 



g r (N) , 



(3.8) 



where N is the order of g and h\ gcd(A^, 12). The multiplier system is trivial (h = 1) if and 
only if g contains a representative in M23 C M24. 



For the classes in (|3.2| ) that have representatives in M23 the conjecture has been shown 
in 0. In the next subsections, we will show that the conjecture is also true for the remaining 
classes, i.e. the elements in ( |3.3[) , with the values of h as given in table |. 



Class 



2B 3B 4A 4C 6B 10A 12A 12B 21AB 



h 2 3 2 4 6 



12 



Table 1: Value of h for the conjugacy classes in (3.3). 



Because of these non-trivial multiplier systems, the analysis is quite difficult, and we 
have applied two different strategies. First we have refined the method of || by considering 

6 A well-defined action of SL(2,R) on Jacobi forms can be denned, see plj|. However, this action does 
not respect the periodicity condition on z, and thus does not seem to be relevant in the current context. 

7 We thank Miranda Cheng and John Duncan for pointing out an error in a previous version of this 
formula. 
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the twining genus cpg(r, z) as a function of r at special values of z. These values are chosen 
in such a way that the z-dependent exponential factor in the transformation formula (|3.£| ) 
cancels (part of) the /i-th root of unity. If the phase is completely removed (as is the case 
for all but two classes), the resulting function is a modular function for Tq(N), which can 
be easily analysed. Using this approach (as well as some guess work for the other two 
cases) we have succeeded in finding closed formulae for all the characters with h > 1, see 
section |3.1| . 

The other strategy follows the idea advocated in |7|] and consists of expanding the 
twining genus in terms of standard weak Jacobi forms. This reduces the problem to find- 
ing a suitable modular form of weight two. This problem can be studied systematically, 
but usually leads to more complicated computations. In section [T^ we shall explain the 
salient features of this analysis, while the explicit formulae for all characters are given in 
appendix ^. 

3.1 Characters evaluated at fixed values of z 

Let </>(t, z) be a weak Jacobi form of weight and index 1, transforming as in (|3.8| ), for 
some N and h with h\ gcd(N, 12). Then, for any k G Z, we have 

ar + b k\ ,/ar + b k(cT + d)\ 2mcd 27 " fc2e ( eT + d ) ,/ k(cr + d) 
' — ■■' 1 — e Nh e 4>\t,— 



cr + d ' hJ V cr + d ' h(cr + d) 

= e w ( -^)^ T) ^ ) for ^er (N), 

where we have used fl2.3| ) in the second line. (Note that c G NT*, and hence % £ Z.) Let us 
define 

•°»v=-m E < T ^' <3 ' 10) 

where (Z//iZ)* is the set of totatives of h, i.e. the positive integers smaller than h that 
are relatively prime to h, and the Euler totient function <p(h) is the number of all such 
totatives. This definition simplifies considerably in concrete examples 

*W(t)=0(t,£) , ^ = 2,3,4,6, (3.11) 

* (12) (t)=^(0(t ) ^) + 0(t,^)) , (3.12) 

because cj){r, z) = 4>(t, —z) for Jacobi forms of even weight. It is easy to verify that, for all 
h\12, the condition gcd(/c, h) = 1 implies k 2 = 1 mod h. Furthermore, for (" b d ) 6 Fq(N), 
the condition ad — be = 1 implies gcd(d,h) = 1, so that the map k h- >• A;cZ is bijective on 
(Z//iZ)*. Thus we conclude 

*< fc > ( = e M (-^+ A) d»W( r ) , f a b ) G r (iV) , (3.13) 

Vcr + a/ \ c d 
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and it follows immediately that $^(t) is invariant under To(Nh). Since h divides N, the 
cosets of ro(N)/Fo(Nh) are generated by (jv ?)> an d the phase in ( 3.13 ) cancels under 
this transformation if and only if 

N 

— = 1 mod h . (3.14) 
h 

Thus is actually invariant under Tq(N) if (3.14) holds. In this case, it is easy to obtain 
a closed formula for . In fact, with the exception of N = 21, all the groups Yq(N) we 
are interested in are genus zero 8 , so that all modular functions must be rational functions 
of the corresponding Hauptmodul. 

As it turns out the condition ( |3.14|) is satisfied for all classes in ( |3.3[) , with the exception 
of 4A and 12A for which h = 2 and hence N/h = mod h. In all other cases we found a 
modular function for Tq(N) which matches the first few coefficients in the g-expansion that 
can be determined from ( |2,9| ) and ( p. 10 ). This function is either a constant or a fractional 
linear transformation of the Hauptmodul (in fact, a McKay-Thompson series) for Tq(N). 
For the class 21AB it is a rational function in the McKay-Thompson series Tr 21B ] and Tj 21 rj], 
that are modular functions for To (21) (for a (/-expansion of these McKay Thompson series 
see appendix [A|). Our explicit expressions are: 

^(r) = -4 h = 2 

1>S(t) = -3 h = 3 

1>$(t) = -2 h = 4 

*S(r) = -l h = 6 (3.15) 

10Al ; ?? (10r)r ? (r)5 T [10E] - 3 

12Bl ^ r ? (r)3r ? (4r)r ? (6r) 2 T [12I] - 3 

(3 ) = 1 _ 7 r ? (3r)r ? (7r) 3 = -T [21B] + 7T [21D] + 15 = 
21ABl J 2 2 tKt)3»7(21t) _2T [21B] + 2 

Since 4> 9 (t, z) is a Jacobi form of index one, we have 

so that ( |3.15 ) immediately gives a formula for the corresponding character at generic z 

<j }g {r,z) = ^f\r) V {h)^ H T >iT) Mr,z) 2 , (3.17) 



where we also used the fact that, for all g in (p.3| 



9 (r,O) = iTr 23 ©i(5) =0 . (3.18) 



8 Genus zero here means that the Riemann surface obtained by quotienting the upper half-plane H by 
Fo(N) has the topology of the sphere. 
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The remaining two cases, 4A and 12A, are not invariant under Tq(N), and thus require 
more work. For 4 A a closed formula was already found in |j 

i / 1 \ 4 r ? (2r) 2 7 7 (8r) 4 32 

04a(t, 3 ) = -4 - 32 = "4 - rg£(r) - 4 fc-2, (3.19) 



and it is easy to verify that the corresponding 04a(t, z) transforms as in (^8) under To (4) 
with h = 2. We have also managed to find a closed formula for the NS-character \g °f 12A 
at z = g 

X12A(T ' ^ -r / (2r) ?? (5)2r ? (12r)2r ? (3T)3 ' (3 - 20) 

from which the function </>i2a( t > -2) can be reconstructed. However, it is easier to analyse 
the modular properties of 4>i2a(t,z) using the methods described in the next subsection. 

3.2 Studying the modular forms of weight two 

Every weak Jacobi form of index 1 can be written as a linear combination of the standard 
Jacobi forms 0o,i and 0-2, 1 of weight and —2, respectively (see appendix |A|), where the 
coefficients lie in the space of modular forms under the relevant subgroup of SL(2,Z) friTf . 
In particular, 

<P g (r, z) = B g 0o,i (r, z) + F g (r) </>_ 2jl (r, z) , (3.21) 



B 9 = ^*M) = ^Tr 23e i( 5 ) , (3.22) 



where B g is the constant 



while F g is a suitable modular form of weight two. If g is in ( |3.2[ ), the phases in 
are trivial, and F s G M2(ro(-/V)), where Mfc(T) denotes the space of modular form of 
weight k under the group T. In 0, it has been shown that, for all g in ([T^), there is a 
unique F g G M2(Tq(N)) matching the known coefficients of the ^-expansion of (f) g (see also 
appendix P). 



If g is one of the classes in (|3.3|) , then B g = and the conjecture (3J3) would imply 



that Fg transforms as 



CLT + b\ 2Tricd , «2 — / x / a b 



F g {^ d )=e^(cT + d?F{T) , r d eT (N) , (3.23) 

where N is the order of g and h\ gcd(N, 12). In particular, this means that 

F g G M 2 (r (A^)) , F 9 h G M 2/l (r (A)) . (3.24) 

Conversely, if these conditions hold, then F g transforms as a modular form of weight 2 
under Tq(N) up to a certain h-th root of unity e ^ , for some r£Z, 

For all g in ([^) , we have found modular forms F g G M2 (ro ( A^/i) ) for the above values 
of h that reproduce the first few coefficients of q as determined from ( |2.9[ ) and ( 2.10| ), and 
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satisfy Fjf G M 2h {T (N)). The explicit expressions for F g (and Fg) in terms of suitable 
bases of M2(To(Nh)) (and M2h(Fo(N))) are quite complicated, and are therefore only given 
in appendix [C]. 

It remains to prove that the h-th root of unity e Nh in the modular transformation 
of F g is the same as in ([3.S|), i.e. that r = 1. We are mainly interested in the class 12A 
because the other cases have already been dealt with in the previous subsection. For 12A 
we have found h = 2, and since the phase is non-trivial (as can be easily checked), the only 
possibility is r = 1. This completes our analysis. 



4. Decomposition into irreducible representations 

In the previous sections, we provided explicit expressions for all twining genera, matching 
the first few coefficients in ( |2.12 ) and transforming as in (|3.§|). The knowledge of all 
such characters also leads to another very stringent consistency check of the proposal. It 
allows us to check whether there are indeed underlying M24 representations H n such that 
A n {g) = T^Hnid), where A n (g) is the coefficient replacing A n in 4> g: see ( [2.12| ). 

In order to understand how this works, let us assume that A n {g) = Trf/ n (g), where 
H n is a M24 representation which we decompose as 

26 

H n = @ h n ,iRi , (4.1) 
i=i 

where i = 1, . . . , 26 labels the different irreducible representations of M24, numbered as in 
table ||. To start with we rewrite ( |2.12j ) as 

00 / \ 3 

-Tr Ho (g) + Y,Tr Hn (9)q n = q^^^U^z) - Tv Hoo (g) ch^=i l=Q (r, z)) , (4.2) 



where we have used (2.7). Next we recall that the characters of a finite group satisfy the 
orthonormality relations 

^c(g)T^(gjT lR ,(g) = \ 1 ^ f = R (4.3) 
g [0 otherwise, 

where R and R f are two irreducible representations of M24. Here the sum runs over all 
conjugacy classes of M24, and c{g)~ l is the order of the centraliser of g 

c(j) = 5, with |M 24 | = 2 10 • 3 3 • 5 - 7 - 11 • 23 (4.4) 

IM24I 

the order of M24 and n(g) the number of elements in the conjugacy class of g. Using ( |4.3| ) 
we now obtain from (|4.2p 

-25 hl + Ki 1 n = ^ JT^i ( 2 E c (9)T^Jg) Ur, z) - (^,1 + 5 i>2 ) ch^=^ =0 (r, zj) , 

n=l ' ' 9 

(4.5) 
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where i = 1, ... ,26, In deriving ( |4. 5|) we have used that Hqq = Ri © R2 = 1 ® 23 and 
#0 = 2 • i?i = 2 • 1. For i > 2, (|4.5|) simplifies, and we obtain 



where we used fljHID , as well as fl3~22l ) and (g3|) again. Furthermore we have plugged in 



the explicit expression for (fi-2.1 from ( |A.7| ). 

The character values Tr/j^g) are given in table ^, and the explicit values of c(g) are 
tabulated in table H The analysis of the previous sections provide closed formulae for the 
twining characters (f) g (r,z) for all conjugacy classes g in M24, so that the right hand side 



of (^5) can be easily evaluated. Thus we can determine the multiplicities h n ^ explicitly. 
The statement that there are underlying M24 representations H n is now simply equivalent 
to the property of the multiplicities h n ^ to be non-negative integers. We have worked 
out these multiplicities for n < 500, and all of them are indeed non-negative integers; the 
explicit values for n < 30 are listed in table ||. 

Since all the characters we have constructed have real coefficients, the multiplicities 
of conjugate representations are always equal, so that all H n are real representations, as 
expected. It is also remarkable that the multiplicities of the real irreducible representations 



in (4.1) are always even, at least, up to n = 500 (see also This suggests that the actual 
symmetry group may be slightly bigger than the Mathieu group M24. 

5. Conclusions 

In this paper we have accumulated compelling evidence for the conjecture of Eguchi, Ooguri 
and Tachikawa ||] that the states contributing to the elliptic genus of K3 carry an action 
of the Mathieu group M24. More specifically, we have found closed form expressions for 
the twining genera of K3 for all conjugacy classes of M24, thus completing the programme 
initiated in |7], |j . We have shown that the twining genera transform indeed as Jacobi forms 
of index one and weight zero under ro(-/V), where N is the order of the corresponding group 
element. The twining genera of the conjugacy classes that have no representative contained 
in M23 C M24 have a non-trivial multiplier system, which we have identified, see eq. (|3.&|), 

The explicit knowledge of all twining genera allows one to determine the decomposition 
of the elliptic genus of K3 in terms of M24 representations, and we have checked that the 
multiplicities with which these representations appear are indeed non- negative integers, at 
least for the first 500 coefficients — see also table || for explicit results for n < 30. This 
is a highly non-trivial consistency check; indeed, if we were able to show that all of these 
multiplicities are non- negative integers, this would effectively prove the conjecture of 

Another, more conceptual, proof of the conjecture would consist of constructing ex- 
plicitly the action of M24 on the BPS states contributing to the elliptic genus of K3. For 
some generators in M23 C M24 this can be done fairly directly since they describe geomet- 



ric automorphisms of the K3 surface [15, 16 1, see also |18| for some recent progress in this 



direction. However, it seems unlikely that these purely geometrical symmetries will suffice 
to account for the full M24 symmetry of the elliptic genus. In fact, one may guess that 
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one will need to consider the full moduli space of the non-linear sigma model in order to 
achieve this. Thus at least some of the required symmetries may have an interpretation in 
terms of truly stringy symmetries, such as e.g. T-duality. It would be very interesting to 
explore these ideas in more detail p|. 



On a more technical note, it is amusing to note (see also ||) that, in contrast to the 
McKay-Thompson series in Monstrous Moonshine ||, not all twining genera seem to be 
Hauptmoduls for genus zero congruence subgroups (although many are). For example, the 
twining character 21AB, for which the relevant modular group, To(21), is not genus 0. 



This fact is also reflected in equation ( |3. 15 ) where we have given the explicit expression of 



( ^ > 21Ab( t ) as a m °dular form of To(21). Unlike the remaining twining characters, it cannot 
be written as a rational function of a single modular function (the Hauptmodul) but rather 
involves two functions (the McKay-Thompson series T^ib] and TpiD])- It would be very 
interesting to understand what the significance of the genus zero property in this context 
is. 
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A. Definitions 

Our conventions for the Dedekind eta and the Jacobi theta functions are 

oo 



71=1 

OG 



Mr, z) = -iqsy-2 JJ(1 - q n ){\ - yq n )(l - y' 1 ^ 1 ) 
n=l 

oo 

Mr, z) = 2q\ cos(vrz) J] (1 - g») (1 + yq n )(l + y~ x q n ) 

n=l 

oo 

Mr, z) = J] (i - <? n ) (i + yq n - 1/2 )(± + y-\ n - 1/2 ) (a.i) 

n=l 

oo 

^4(r, *) = J] (1 - q n ) (1 - yq n - 1/2 )(l - y' 1 ^ 2 ) . 
n=l 

Under modular transformations the # and 77 functions transform as 

Mr + l,z) = e^Mr,z) M~h f ) = -(-ir)3 0i(r,z) , (A.2) 

tf 2 (r + 1, z) = e¥ 2 (r, s) tf 2 (-±, f ) = (-ir)l 4 (r, z) , (A.3) 

t? 3 (r + l,«)=i?4(r,z) ^H-^H^^^V), (A.4) 

Mr + l,z) = Mr,z) M-~,~) = (-ir)^e^Mr,z) , (A.5) 

as well as 

r/(r + 1) = e^? ry(r) ^(-I) = (-i r )^ t/(t) . (A. 6) 

The theta constants i? a (T) are defined as "& a (r) = "&a{r, z = 0). The standard weak Jacobi 
forms 0o,i an d 0-2,1 of index 1 and weight and 2 can be defined as JllJ 

/ x ,Atfi(T,z) 2 , , > Mr, z) 2 ,. m . 

Mr, z) = 4 g -A^ , 0_ 2)1 (r, *) = . (A . 7) 

For completeness we give here the first few terms of the McKay-Thompson series that 
appear in our analysis 



?[8E] : 


= - + 4q + 2q 3 - 8q 5 - q 7 + 20q 9 - 2q U - AOq 13 + ■■■ , 

q 


(A.8) 


^[lOE] 


= - + q + 2q 2 + 2q 3 - 2q 4 - q 5 - Aq 7 - 2q 8 + 5q 9 + 2q 10 + 8q 12 + ■■■ 

q 


, (A.9) 


T [12I] 


= - + 2q + q 3 - 2q 7 - 2q 9 + 2q u + Aq 13 + 3g 15 + • • • , 

q 


(A.10) 


T[2\B\ 


= - - q - q 2 + q 3 + 2q A - q 5 + 3g 6 - q 7 - q 8 - 2q 9 + q 11 + ■ ■ ■ , 

q 


(A.ll) 


T[21D] 


= - + 5q + 8q 2 + 16q 3 + 26q 4 + AAq 5 + 66q 6 + WAq 7 + ■■■ , 


(A.12) 



sec 



17, (201 for more information about these series. 
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B. Modular forms for T (N) 

In this section, we will describe a basis of the space M k (To(N)) of modular forms of weight 
k under Fq(N). Our main references for this section are f2l| , p2| . 

The space M k (To(N)) of modular forms of weight k splits into a direct sum 

M k (T (N)) = E k (T (N)) S k (T (N)) , (B.l) 

where Sk(^o(N)) is the space of cusp forms, i.e. forms they vanish at all the cusps 9 of 



M/Tq(N). The space Ek(To(N)) is defined as the unique subspace satisfying ( |B.1| ) that is 
invariant under the action of all Hecke operators |22| . 

A convenient basis for Ek(To(N)) is given by (generalised) Eisenstein series [23]. Let 

n=l d\n 

be the standard Eisenstein series of weight k, where B k are the Bernoulli numbers. For 
k > 2, k even, E k is a modular form of weight k under SX(2,Z), whereas 

aT + b\ , , t\ 2 t- r / n 1 



£2 — = (cr + d)^ 2 (r) - — c(cr + d) . (B.3) 

Vcr + a/ 47rz 

The definition of the Eisenstein series can be generalised to include modular forms under 
r (-/V). In particular, 10 

4 N) = q^r log = E 2 (t) - NE 2 (Nt) (B.4) 
dq 7](t) 

is a modular form of weight 2 under Tq(N). The (generalised) Eisenstein series 

00 

E l m ^) = E(E X^Ixn.Wd)^- 1 ) <f , (B.5) 

n=l o!|n 

where A; is even and Xm is a non-trivial Dirichlet character of modulus m, is a modular 
form of weight k under ro(m 2 ). The only cases we need are 

= Ef G M fc (T (9)) , 4 16) = Ef G M fc (T (16)) , 4 144) = £f 2 G M fe (r (144)) , 

(B.6) 

where X3> X4 an d X12 are the primitive Dirichlet characters of modulus 3, 4 and 12, that 
are uniquely determined by 

X3 (2) = -1 , X4(3) = -1 , X12(5) = Xi 2 (7) = -1 . (B.7) 



9 The cusps correspond to ro(iV)-orbits in Q U {00}, with ro(iV) acting by fractional linear transforma- 
tions. 

10 The Eisenstein series ip {N) are related to the modular forms 4> {N) in @ by ip {N) = ^0 (Jv; '(t). 
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In general, the space S k (To(N)) is not generated by Eisenstein series. It is obvious 
that if M\N, then M k (F (M)) C M fc (r (iV)). More generally, it is easy to see that if 
/ G M fc (r (M)), then, for any divisor n of N/M, f(nr) G T (N). For all M\N and 
n\(N/M), we define the map 



The map a n sends cusp forms to cusp forms and the union of the images a n (S k (To(N /n))) C 
Sk(To(N)), for all n\N, n > 1, is called the old subspace of cusp forms. The complement 
of the old subspace which is invariant under all Hecke operators is called the new subspace. 
Thus, we have a decomposition 



where S k (T (M)) new is the new subspace for Fq(M). A basis for S k (To(M)) new for the 
cases of interest are listed below; a more extended list of their coefficients can be found 
at http://modi.countnumber.de/. Some Fourier expansions have been computed using 
SAGE (http://www.sagemath.org/). 

• Cusp forms f M € S 2 (T (M)) 

new — if there is more than one generator, the different 
generators are denoted by f'M,a, /m,6j • • •• 



a n : M fc (r (M)) -> M k (T (N)) 
f(r)^a n (f)(r) = f(nr) . 



(B.8) 
(B.9) 



5 fe (r o (iV)) = a n (S k (T (M)) new ) , 



(B.10) 



M\Nn\(N/M) 




q-q 2 + q 3 - q 4 - 2q 5 - q 6 - q 7 + 3q 8 + q 9 + 2g 10 + 
q-q 3 -q 4 - 2q 6 + 2g 7 - g 8 + 2g 9 + 2q 10 + ■■■ 
-q 2 + 2q 3 +q 4 - 2q 5 - q 6 - 2q 7 + 2q S + 2q 10 + ■■■ 
q-q 3 - 2q b + q 9 + 4g n - 2<? 13 + 2^ 15 + 2q 17 + ■■■ 
q + q 3 - 2q 5 + q 9 - 4q 11 - 2q 13 - 2q 15 + 2q 17 + ■■■ 
q + q 2 -q 4 + 2q 5 - q 7 - 3q 8 + 2q 10 - Aq 11 - 2q 13 + • 
q + q 4 + q 7 - 6<? 10 + 2q 13 - 5q W + ■■■ 
q 2 - 2q 5 -q 8 + 2q u + q 14 + 2q 17 + ■■■ 
q + 2q 5 - Aq 11 - 2q 13 - 2q 17 - Aq 19 + ■■■ 

q + Aq 7 + 2q 13 - 8q 19 - 5q 25 + Aq 31 H 

q + 2q 5 + Aq 11 - 2q 13 - 2q 17 + Aq 19 + ■■■ . 



(B.ll) 
(B.12) 
(B.13) 
(B.14) 
(B.15) 
(B.16) 
(B.17) 
(B.18) 
(B.19) 
(B.20) 
(B.21) 



• Cusp forms gu G S4(Tq(M)) 



55 (t) = q-Aq 2 + 2q 3 + 8q 4 - 5q 5 - 8q 6 + 6q 7 - 23q 9 + ■■■ 



(B.22) 
(B.23) 
(B.24) 
(B.25) 
(B.26) 



0B( r ) = g - 2g 2 - 3^ 3 + Aq 4 + 6g 5 + 6q 6 - 16q 7 - 8q 8 + 9q 9 + • • 
8 (r) = g - Aq 3 - 2q 5 + 2Aq 7 - llq 9 - AAq 11 + 22q 13 + ■■■ 



gw (r) = q + 2q 2 - 8q 3 + Aq 4 + 5q 5 - 16q 6 - Aq 7 + 8q 8 + 37q 9 + 
g 12 ( T ) = q + 3g 3 - 18^ 5 + 8q 7 + 9q 9 + 36q U - Wq 13 - 5Aq 15 + • 
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• Cusp forms h M G S 6 (T (M)) new 

h 3 (r) =q - 6q 2 + 9g 3 + 4q A + 6q 5 - 54g 6 - 40q 7 + 168<? 8 + • • • (B.27) 

h 7>a (T) =q - Wq 2 - Uq 3 + 68q A - 56q 5 + 140g 6 - 49q 7 - 360g 8 + • • • (B.28) 

h 7tb (r) =q + iq 2 - 2g 4 - Uq 5 - 84g 6 + 49g 7 - Wq 8 + ■■■ (B.29) 

/j 7 c ( r ) =(? 2 - 6q 3 + 9g 4 + Wq 5 - 30q 6 + llg 8 + • • • (B.30) 

h 2 i, a ( T ) =Q + Q 2 - 9 <? 3 ~ 31 <7 4 - 34 <? 5 - 9 <? 6 - 49 <? ? - 63 9 8 + • • • ( B - 31 ) 

h 2 i,b( T ) =1 + 5 <? 2 + V - V + 94 <? 5 + 45 9 6 - 49 <? ? - 195 9 8 + • • • ( B - 32 ) 

Ji2i,c(t) =q - 6q 2 - 9q 3 + 4g 4 + 78<? 5 + 54g 6 + 49g 7 + 168g 8 + • • • (B.33) 

h 2 i,d( T ) =1 + 10 <? 2 + V + 68 <? 4 - 106 <? 5 + 90 <? 6 - 49 <? ? + 36 °9 8 + • • • • ( B - 34 ) 

• Cusp forms k M G S 8 (T (M)) new 

k 2 { T ) = q-8q 2 + 12q 3 + 64g 4 - 210g 5 - 96q 6 + IOI69 7 - 512g 8 + • • • . (B.35) 

• Cusp forms l M G 5 , i2(r (M)) neu) 

/ 3 ( r ) =g + 78q 2 - 243q 3 + 4036^ 4 - 5370g 5 - 18954g 6 - 27760g 7 + • • • (B.36) 

M T ) =<1 + 32 1 2 + 243 ^ 3 + 1024 ^ 4 + 3630 ^ 5 + 7776 1 6 + 3293 6g 7 + • • • (B.37) 

l Q h ( T ) =q - 32q 2 - 243q 3 + 1024^ 4 + 5766g 5 + 7776^ 6 + 72464g 7 + • • • (B.38) 
Z 6jC ( r ) =g _ 32^ 2 + 243g 3 + 1024g 4 - 11730g 5 - 7776^ 6 - 50008g 7 + • • • . (B.39) 

To summarise, Mi c (Fq(N)) is thus generated by 



and the cases k = 6, 8, . . . etc. are similar to k = 4, with gM,a replaced by h,M,a, etc. 



fM,a( nT )i fM,b(nr), ... for nM\N 

(B.40) 

k = 4 : E 4 (nT) for n|iV 

E\ m {riT) for nm 2 |iV, m > 1 

gM,a( nT )> 9M,b(nr), ... for nM | iV , 

and the cases fc = 6, 8, . . . eic. are similar to = 4, with <7M,a replaced by IiM,a, etc. 
C. The modular forms of weight two 



With the conventions of the previous appendix we can now give the explicit expressions 
for the modular forms F g G M 2 (To(Nh)), as well as for 6 M 2 h(To(N)). For the classes 



in (3.2) for which ft = 1, the relevant formulae are @ 



F 2A (r) = 16V (2) (r) 

F 3A (t) = 9^ (3) (t) 

F 4B (r) = -4^ (2) (r) + 8^ (4) (r) 

F 5A (t) = 5^ 5 )(t) (C.l) 
F 6A (r) = -2V (2) (r) - 3^ (3) (r) + 6V {6) (r) 

*Vab(t) = ^ (7) (r) 

F 8A (r) = -2^ 4 )(r) + 4^(r) , 

^iiA(r) = y(^ 11 )(r)-r / (r) 2 r / (Hr) 2 ) 

i ? i4AB(r) = i(-2V' {2) (^) - 7^ {7) (t) + 14^ (14) (t) - 14r ? (r)r ? (2r)??(7T)r/(14r)) 

Fi 5 ab(t) = J(-3V {3) (r) - 5V (5) (r) + 15^ (15) (r) - 15r ? (r)r ? (3r)??(5T)r ? (15r)) 
o 

F 23 ab = ^(^ (23) (r) " /23,«(T) + 3/ 23)6 (r)) . 

In the remaining cases we have found — the formulae for F 2 ^ and F&h were already obtained 
in @ 



g =2B,h = 2 



F 2 b(t) = -24V (2) (r) + 16V (4) (r) G Af 2 (T (4)) 

F 2 b(t) 2 = -16£ 4 (r) + 256£ 4 (2r) G M 4 (r (2)) 



5 = 3B, ft = 3 



F 3B (r) = -6V (3) (r) + ^ (9) (r) - \e$\t) G M 2 (r (9)) 

4^ 2187 

F 3B (r) 3 = -1944^ (3) (r) 3 + y £ 6 (r) - — £ 6 (3r) G M 6 (r (3)) 

• g = 4A, ft = 2 

F 4A (r) = 4t/> (2) (t) - 12V (4) (r) +8V (8) (r) G M 2 (r (8)) 

F 4A (r) 2 = -16£ 4 (2t) + 256£ 4 (4r) G M 4 (r (4)) 

• g = 4C, ft = 4 

F 4C (r) = 2V (4) (r) - 6V {8) (t) + 4V (16) (r) - 4E^ e) (r) G M 2 (r (16)) 

F 4C (r) 4 = -§£ 8 (2r) + ^fi? 8 (4r) - 16k 2 (r) - 5 -£k 2 (2r) G Af 8 (T (4)) 



C.2) 
C.3) 



C.4) 
C.5) 



C.6) 
C.7) 



C.8) 
C.9) 
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• g = 6B, h = 6 

F 6B (r) = -|V (2) (r) - 2^^(r) + V (4) (r) + 6V (6) (r) + |V (9) (r) - 4V (12) (r) (CIO) 
-^ (18) (r) + 3V (36) (r)-l^(r) 

- 9^ 9) (2r) - 12^ 9) (4r) G M 2 (r (36)) 

F 6B (t) 6 = ci^ 12 (r) + c 2 £ 12 (2r) + c 3 £ 12 (3r) + c 4 £ 12 (6r) + c 5 A(r) (C.ll) 
+ c 6 A(2r) + c 7 A(3r) + c 8 A(6r) + c 9 / 6ja (r) 
+ cioZ 6) b(r) + cn/ 6 , c (r) + ci 2 / 3 (r) + ci 3 Z 3 (2r) G M 12 (r (6)) 

where A(r) = ((240£ 4 (r)) 3 - (504£ 6 (r) 2 ))/1728 and 



V 


1 


2 


3 


4 


5 


6 


7 


c p 


1 


4096 


531441 


2176782336 


189277 


91776 


37712628 


22951565 


22951565 


22951565 


22951565 


58735 


3455 


58735 


P 


8 


9 


10 


11 


12 


13 




Cp 


27713664 
3455 


297 
140 


308 
145 


95 
52 


194697 
71978 


304128 
2117 





g =10A, h = 2 

F w a(t) = V (2) (r) - ^V (4) (r) + jjv (5) (r) - 5^ (10) (r) (C.12) 

+ f^ 2 °Hr) ~ yr / (2r) 2 r / (10r) 2 G M 2 (r (20)) 

F 10A (r) 2 = 1%) - ^£ 4 (2r) - f^ 4 (5r) + ^^(10r) (C.13) 

10 . . 35 , . 40 . . „,„.,„,, 

- y^io(r) - -9 5 (r) + I 7755(2r) G M 4 (r (10)) 



g = 12A, h = 2 

Fi2A(r) = -\^ 2) {t) + |v (4) (r) + ^(r) - ^(r) (C.14) 

- ^ (12) (r) + 3V (24) (r) - 3/ 24 (r) G M 2 (r (24)) 

iWr) 2 = \ea(2t) - y£ 4 (4r) - y£ 4 (6r) + l^£ 4 (12r) (C.15) 

24 

- 3 5 i2(r) - 3 56 (r) + — <? 6 (2r) G M 4 (r (12)) 
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• g = 12B, h = 12 

F 12B (r) = \^\r) - ^ (8) (r) - \^\r) + ^ (16) (r) + \^\r) + ^ {36) (r) 

- ^ {48) (r) - l^ 2 Hr) + ^( 144 )(r) - \e$\At) - 9^(8r) - 12i5< 9 >(16r) 

- i£f>(T) - 3£f >(3r) - ^fV) - j^fV) - ^ 24 (2r) 

27 3 27 9 9 

- y/24(6r) - -/ 48 (r) + T / 48 (3r) + -/ 72 (2r) - -/i44, b (r) G M 2 (r (144)) 

(C.16) 

We have also worked out the expansion of F^ B in terms of generators of M 24 (ro(12)), 
but since the final expression is exceedingly complicated, we shall not spell it out here. 

• g = 21AB, h = 3 

iWr) =^ (3) (r) + L^Xt) - L^\r) - ^< 21 >(r) + §^ M >(r) + |^(r) 

- ^4 9) (7r) - §/ 2 i(r) + ^/2i(3r) - §/ 6 3,a(r) € M 2 (r (63)) 

(C17) 



^21Ab(t) 3 - - jg^g E 6 (t) + £ 6 (3r) + ±±|§|§£ 6 (7t) - ^fggg^-^e (21r) 

85641 t, / \ 352947 l ( 7 ^\ 64491 t /_\ 11263 h /_\ 18277 i, /■_-> 
~ 36608 ^(Tj - ^6608" Wr) - 946OO "7a(rJ - -g>f28 h ™{T ) - -jggj- /i 7 c(t) 

2740311 l /•o_\ , 66339 i, /o^\ 250047 l /'o_\ 441 i, /_\ 
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